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STANDARD INTEGRALS
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Question 1 (15 marks) Marks Question2 (15 marks) Mar
a Two complex numbers are given by:
® P & Y (a)  The diagram shows the graph of y = f(x)
z=3-4i and w=2-2j X
. 3T
(15,2)
6 Find the value of the product zZw 1 2T
) ‘ @1
K e
(iif  Find the two square roots of z 2 .
‘ 5 w0 *
(i)  Bxpress w in modulus argument form and hence find the value of w* 2
(b) Whatisthelocusof Z if W = ZZ_; is purely imaginary? Sketch the locus of Z. 3 3T ~"
Draw separate sketches of the following:
.
: N 1 1
(©) On an Argand diagram, show the region where the inequalities 2 [ 0] y= —]7(——5 2
. s N ; x
1=|Z|=3and % sargZs % hold simultaneously. I
}1 @  y=Ur 2
(d) (i)  Find all the solutions to the equation z° =1 in the form 3 ) 2
x+iy . G Y =f0) v
(i) If @ is a non-real solution to the equation z° =1, : 7 4 ‘ \) 2
show that @* + w® =-1. @iv) y=x+f(x) .
: ; 2L x— 2. 3
(i) By choosing one particular value of @, explain with 1 (b)  Find the equation of the tangent to the curve x"+x-xy+y+y 12
. the aid of a diagram, or otherwise, why w* + @? =—1. - at the point (0, 3).
i
(©) If =8, u=20 andu, =4u,  ~4u, ,for n=3.
(i) Determine u; and uy. - 1
(ii) Prove by induction that u, = (n +3)2" for n=1. 3
2 -3-
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Question 3 (15 marks)

(a)  Find f xsin(x? + 3)dx

—():—Zlogg \[;) ‘

(b Show that e can be expressed as xe™”

Hence using integration by parts, or otherwise, find f 00852y

g
X

Vx(1+x)

(©) Use the substitution u=+/x to evaluate f dx.

4

@ @ Find the real numbers a, b and ¢ such that

2x%+2x+5 =ax+b+__c___
(x2+2)(1-—x)_x2+2 1-x’

2
(i)  Hence find fiz‘—iﬂdx
(x*+2)1-x)

1

4 4

e By completing the square, that | —5———dr=tan™|—
() By complefing the square, prove tha f4x2+4x+5 (7)
0 ;
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Question 4 (15 marks) Marks
Given that z = cosf + isinf
) Show that z" + -17 =2cosnb 1
b4
(iiy  Hence express cos* 6 in terms of cosng. 3
(i) Given that 1-+/3i is aroot of P(x )= 0 where P(x)=x*-2x* +5x° ~2x+4, 2
write down two of the linear factors of P (x).

(ii) Hence factorise P (x) completely into real factors. 2

The cubi¢ equation %> ~5x%+5=0 hasroots &, B and y .

@ Find the equation whose roots are ¢ -1, -1 and y-1. 2

(i)  Find the value of &®+ f° +7°. 2
3

@

The roots of the equation = px*+g=0 are o, andy.
If §, =a"+pB" +y" where n is a positive integer, prove that

pSn+2 _an = p43e
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Question 5 (15 marks) Marks
(a) % l
A !
2 |
E < P{acos,bsing)
\A R
5 11, > x
|
i
!
i
i
xL L ‘
The ellipse E, with equation ~5+ 2)—2— =1 shown in the diagram above, has a tangent
a
at the point P(acos8,bsind). The tangent cuts the x-axis at T and the y-axis at R.
@) Show that the equation of the tangent at the point P is 2
xcosf . ysinf -1
a b ~
/ 4
(ii)  If T, the point of intersection of the tangent ﬁj’/’mth the x-axis, 3
also lies on one of the directrices of the ellipse, show that cosf=e.
fiiiy  Hence find the angle that the focal chord through P makes 1
with the x-axis.
’dv) Using similar triangles, or otherwise, show that RP = &*RT. -3
‘(b)  The normal at P(ct, %) on the rectangular hyperbola xy = ¢* meets the curve again at
@ Show that the normal to the hyperbola at P has the equatién 2
Cx—ty=ct’~c.
3

(ii)  Find the coordinates of 0.

[

(iti) A line from Pthrough the origin meets the hyperbola again at R.
Prove that PQ* = PR® + RQ?

-6
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Question 6 (15 marks) Marks

5

(& A solid shape is formed as shown at right. Its
base is in the xy plane and is in the shape of a
parabola y = x”. The vertical cross section is in
the shape of a right angled isosceles triangle.
By using the method of slicing, calculate the

volume of the solid between the values y =0

and y=4.
(b)  The length of a curve between the points wherex =a and x =4 is given by 4
~ i
L=

IR

By considering f(x) =Vr*-x* and letting a=r and & = 0 show that the
formula for L gives the correct length for one quarter of the circumference of a circle.

2

© The ellipse xT + —)é-— =1 is revolved about the line x =4 .

@ ¥ Use the method of cylindrical shells to show that the volame of the solid of revolution is
given by

2 2
V=8J3‘nfw/4-x2dx—2£nfx 4-x% g« -4
-2

-2

(ii) Prove that the volume V = 16\/3_ 72 2

'_.7..
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Question 7 (15 marks)

(a) A body of mass 1Kg is projected vertically upwards from the ground at a speed
of 20m per second. The particle is under the effect of both gravity and a

. . . . 1 .
resistance which, at any time, has a magnitude of Zavz, where v is the
magnitude of the particle’s velocity at that time. Acceleration due to gravity is

taken as 10 ms™

While the body is travelling upwards the equation of motion is
N 1 5
=-(10+—v°).
X=( v)

@) Calculate the greatest height reached by the body.
'Gi) Calculate the time taken to reach this greatest height.

(i) ~ Write the equation of motion as the body falls after reaching
its greatest height.

(i)  Find the spe(:ed of the particle when it returns to its starting point.

1

®) Letl, = f #(x*-1)" deforn=012,..

0

1] Use integration by parts to show that [, = ;’%In_l fornz1
n+

D
2n+1)

forn=0

(ii)  Hence or otherwise show that I, =

(iii) Explainwhy L, >I,, ;forn=0

8-

Extension 2
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Question 8 (15 marks) Marks
. 1
a i If x 20, show that <. 2
@ ® xt+4 4
(iiy By integrating both sides of this inequality with respect to x between the 2

limits x = 0 and x = « , show that

PR )
e aza +1 for a=0.

A\

(b) The diagram shows ‘a sandstone solid
with rectangular base ABQP of length
b meétres and width a metres.

The end PQRS is a square, and the
other end ABC is an equilateral
triangle.

Both ends are perpendicular to the
base.

Consider the slice of the solid with face
WXYZ and thickness Ax metres, as
shown in the diagram. The slice is
parallel to the endsand AW =BX = x

metres.
14 :
@] Find the height of the equilateral triangle ABC. 1
(i)  Given that triangles CRS and CYZ are similar, find YZ in terms of ¢, b and x. 2
(iif)  Let the perpendicular height of the trapezium WXYZ be s metres: 3
Show that h=3[V3+ 2-3)3]
(iv)  Hence show that the cross-sectional area of WXYZ is given by 2
a2 -
pye: [(2—ﬁ)x+bw/§](b+x) :
3

(v)  Find the volume of the solid

0.
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Qeeston |\ 2= 3-4i w=a-2L
2) () Zw = (2+ei)(a-20)
= ¢ +ac+ € {

= Rl
(i[) 65-}—2})2 2- gt
xf-yy=3 — O
2xy =-f —&

too XAyt = S —(D
o+® =€
r=%2

w= 22 Qs(v'/—;)
w'= [ah o]
= b4 CIS("Tj

:é%[bQWU+ZSmFm]

6y (=1)

= —btt

r

let Z = X +ey
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2
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